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In this report we derive a new version of eﬀective-medium theory for uniform biased diﬀusion which takes into account
both ﬁeld-created traps and bond disorder. The two random quantities are assumed to be independent. It is shown
that theoretical results are well consistent with a Monte Carlo simulation and correctly described the occurrence of
negative diﬀerential conductivity in a system with bond disorder.
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1. INTRODUCTION
The problem of drift and diﬀusion of carriers in en-
ergetically and spatially disordered systems in the
presence of a strong biasing ﬁeld is in the focus of
intensive theoretical and experimental studies during
several decades. One of the mostly discussed top-
ics is whether the negative diﬀerential conductivity
(NDC) is possible in such systems. The possibility
of NDC for hopping transport was ﬁrst discussed by
Bottger and Bryksin [1]. They have developed a sim-
ple eﬀective-medium theory for uniformly biased sys-
tems with bond disorder. This theory predicts that
at not too high ﬁelds the diﬀerential hopping con-
ductivity decreases with increasing ﬁeld. The basic
disadvantage of this approach is dependence of a per-
colation threshold for uniformly biased systems with
bond disorder from an external ﬁeld. It is conse-
quence of the assumption that their eﬀective medium
theory can be characterized by a single independent
parameter.
However, the recent self-consistent eﬀective-
medium theory for drift and diﬀusion at electrical
ﬁelds [2] has not shown any decrease in the mobil-
ity with increasing ﬁeld. This result does not ex-
clude, however, the possibility of the NDC in the hop-
ping drift. Shklovskii and co-workers suggested that
NDC can be identiﬁed as arising from so-called “ﬁeld-
induced traps” [3]. Furthermore computer simulation
of Gartstein and Conwell [4] conﬁrmed qualitatively
the existence of NDC eﬀects in bond disorder model
though no quantitative comparison with the theory
has been attempted.
The goal of the present study is to develop an
eﬀective-medium theory for uniformly biased system
with bond disorder which would be free of the short-
comings mentioned. Here we generalize the self-
consistent theory of Parris and Bookout [2] by means
of the account of “ﬁeld induced traps”. This makes
it possible to improve the analytical results and ones
of computer simulation [4].
2. BASIC EQUATIONS
We consider here the random motion of a carrier on a
disordered d-dimensional cubic lattice with nearest-
neighbor jumps in presence uniform biased ﬁeld. The
basic quantity to be calculated is the conditional
probability Pn/m(t) of ﬁnding the carrier at site n
at time t when it was at site m at t = 0. It satisﬁes
a master equation
dPn/m(t)
dt
=
∑
g
(Wn+g,n + Wn−g,n)Pn+g/m−
−
∑
g
(Wn,n+g + Wn,n−g)Pn/m. (1)
Here g is the Bravais vectors connecting a given site
with the nearest-neighbor along the positive direc-
tion of the crystal axes, Wn,n+g denotes the transi-
tion probability from site n to the nearest-neighbor
site n + g. In bond disorder system the transition
probabilities is given by
Wn,n+g = Γn,n+g × f (Fg) , (2)
Fg = βeEg,
where β = 1/kBT , e denotes the electronic charge,
Γn,n+g = Γn+g,n is the bond disorder transition prob-
ability between the nearest-neighbor sites of the lat-
tice. The function f is related to the energy gain or
the energy loss during the jump,
f(x) =
{
1, if x ≥ 0;
ex, if x < 0.
For simplicity we assume the absence of correlations
between the diﬀerent bonds. The Laplace transform
of this equation takes the form
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sPn/m(s) = δn,m −
∑
g
(Wn,n+g + Wn,n−g)Pn/m
+
∑
g
(Wn+g,n + Wn−g,n)Pn+g/m. (3)
The diﬀusion equation (3) is conveniently represented
in matrix forms, using the Dirac formalism:
Pˆ =
∑
n,n′
Pn,n′ |n〉〈n′|, (4)
Vˆ =
∑
n,g
(
vˆ+n,g + vˆ
−
n,g
)
, (5)
vˆ+n,g = Wn,n+g (|n + g〉 − |n〉) 〈n|
vˆ−n,g = Wn+g,n (|n〉 − |n + g〉) 〈n + g|, (6)
in which the transition rate operators vˆ± correspond
to the forward and backward jumps along the g-th
direction of the lattice. The basic vectors |n〉 are or-
thogonal and form a complete set:
Iˆ =
∑
n
|n〉〈n|.
Then equation (3) takes the form
sPˆ = Iˆ + Vˆ Pˆ . (7)
The iteration of this equation leads to the inﬁnite
series
Pˆ = s−1
∑
n,g
(
vˆ+n,g + vˆ
−
n,g
)
+
+s−2
∑
n,g
∑
n′,g′
(
vˆ+n,g + vˆ
−
n,g
) (
vˆ+n′,g′ + vˆ
−
n′,g′
)
+ .... (8)
We have to average each term of this expansion
with respect to the random distribution of bond dis-
order transition Γ. In the binary disordered model
we use in this paper, the bond strength Γ can take
the value Γ1 with probability c or the value Γ2  Γ1,
with the probability 1− c:
P (Γ) = cδ(Γ− Γ1) + (1− c)δ(Γ− Γ2). (9)
The perturbation series thus formally obtained is
identical to the lattice models used in the theory of
disordered alloys. Using the standard procedure of
perturbation theory, one can easy obtain the Dyson
equation for the averaged function
〈
Pˆ
〉
= Gˆ:
sGˆ = Iˆ − Wˆ Gˆ, (10)
where Gˆ is the Green function describing the diﬀu-
sion of carriers. The exact summation of the aver-
aged series for the function Wˆ is impossible. One
simple method which can give reasonable results for
large disorder is the eﬀective medium approximation
(EMA). Using the formal similarity of the series for
Green function to the model of binary alloy with di-
agonal disorder, one can easily obtain an equation
for Wˆ which corresponds to the “coherent potential
approximation”:
Wˆ =
∑
n,g
σˆn,g, (11)
σˆn,g = 〈vˆn,g〉+ (vˆ1n,g − σˆn,g)Gˆ(vˆ2n,g − σˆn,g), (12)
where the operators vˆ1,2 are obtained from vˆ with
the replacement Γ = Γ1,2, respectively. As we see
from (1) the “coherent potential” σˆ has a form simi-
lar to vˆ:
σˆn,g = σˆ+n,g + σˆ
−
n,g,
σˆ+n,g = σ
+
g (|n + g〉 − |n〉) 〈n|, (13)
σˆ−n,g = σ
−
g (|n〉 − |n + g〉) 〈n + g|.
The parameters σ±g are connected with each other by
a simple relation:
σ±n,g = σgf(±Fg). (14)
As a result, we obtain d coupled self -consistent equa-
tions deﬁning the eﬀective medium transport:
σg = cΓ1 + (1− c) Γ2 + (Γ1 − σ) (Γ2 − σ) {(G00 −Gn+g,n) f(−Fg) + (G00 −Gn,n+g) f(Fg)} . (15)
Then the Fourier transform of the spatial Green’s function Gn,n+g is deﬁned by
Gn,n+g(s) = (2π)−d
∫
e−ikgdk
s +
∑
g σg(s) {[f(Fg) + f(−Fg] (1− cos(kg)) + i [f(Fg)− f(−Fg)] sin(kg)}
, (16)
where the integration is over all wave vectors k in the
ﬁrst Brillouin zone of the cubic lattice. The steady
state drift velocity of a carrier in the eﬀective medium
along direction g is
Vg = lim
t→∞
d
dt
∑
n
G0,nng/a
= aσg(0) [f(Fg)− f(−Fg)] , (17)
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where a is the lattice constant. The other important
characteristic of disordered medium is the diﬀusion
constants. The components of diagonal diﬀusion ten-
sor are
Dg,g = lim
t→∞
1
2
d
dt
∑
n
G0,n
[
(ng/a)2 − V 2g t2
]
=
a2σg(0)
2
[f(Fg) + f(−Fg)] . (18)
The self consistent equations (15) are similar to the
equation obtained recently by Parris and Bookout,
except the number of independent parameters [2].
This theory fails to show the negative diﬀerential drift
velocity associated with bond percolation model in a
strong biasing ﬁeld [2]. The analysis of Shklovskii
and co-workers shows that the NDC eﬀect can be
identiﬁed as arising from “ﬁeld-induced traps”. The
latter can be deﬁned as a local conﬁguration of bonds
that are easy to enter but diﬃcult to leave, because
of hop against the ﬁeld. It seems reasonable to sug-
gest that eﬀective medium theory which incorporates
such “ﬁeld-induced traps” can be able to describe the
eﬀects of NDC.
3. APPLICATION
For further simpliﬁcation we consider the simple
model with combined random traps and random
bonds disorder. If these types of disorder are uncor-
related, the resulting drift velocity is factorized into
the random-trap and random-bond contributions in
one dimension systems [5]:
Vcomb = VtrapVbond. (19)
It is plausible to generalize this expression for the ran-
dom motion on lattice with d > 1. Thus, in keeping
with the analysis of Ref. [4] we consider bond perco-
lation model where an electrical ﬁeld E is directed
along the negative direction of the axis X , so that
the drift velocity of negative charged carriers is oc-
curred along X axis. Then the simplest trap of this
kind is represented by a site with one strong bond
along on its left-hand X side, and other d− 1 bonds
being weak, as depicted in the ﬁgure. The proba-
bility to ﬁnd such conﬁguration in random lattice is
p = c(1 − c)d−1. The dwelling time at the traps can
roughly be estimated as
τ = [Γ1 exp (−F ) + (d− 1)Γ2]−1 (20)
for the simplest traps, and F = eβEa. From (19)
and (20) we obtain the following expression for drift
velocity along X axis:
Vx = σx
(
1− e−F ) 〈a
τ
〉
(21)
=
aΓ1σx
(
1− e−F )
1 + c(1− c)d−1[{e−F + (d− 1)Γ2/Γ1}−1 − 1] ,
where for simplicity, we neglect any correlation be-
tween the ﬁeld-induced traps and random bonds.
Results of numerical calculations of the drift veloc-
ity Vx using (15) and (21) are shown in the ﬁgure.
Here the drift velocity is presented as a function of
the reduced parameter F . The dependences V vs F
in the ﬁgure are given for the value of weak bonds
Γ2 = 10−4Γ1 and for various values c of strong bonds
above the percolation threshold. The analytical re-
sults are compared with Monte Carlo simulation of
high ﬁeld hopping performed by Gartstein and Con-
well [4]. We have seen that ﬁeld-induced traps are
responsible for the phenomenon of the NDC in the
region of high ﬁelds. Of course, real conﬁgurations
can be more complicated than these simplest traps.
But the qualitative picture remains invariable. Our
results are no more reliable at the concentration c
close to percolation threshold c ≈ 0.25, where the
EMA is not correct.
The dimensionless drift velocity as a function of
the reduced field strength F for the model of bond
disorder cubic lattice. The value of weak bonds is
Γ2 = 10−4Γ1. Data points represent the results of
Monte Carlo simulation from Ref. [4]. Dotted lines
depict the results of calculation according to the
EMA for c =1.0, 0.8, 0.6, and 0.45, respectively
4. CONCLUSIONS
We have shown that the hopping transport in bond
disordered cubic lattice in presence of uniform bias-
ing ﬁeld can be described on the basis of the eﬀective
medium theory which takes into account the ﬁeld-
created traps. If these types of disorder are uncorre-
lated, the resulting drift velocity can be factorized
into the random-trap and random-bond contribu-
tions. The theory is characterized by d independent
parameters describing the drift velocity and diﬀusion
coeﬃcients for each crystal axis. It is shown that the-
oretical results are well consistent with a Monte Carlo
simulation [4] and correctly describe the occurrence
of negative diﬀerential conductivity in system with
bond disorder.
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